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THE ACCELERATION OF ELECTRONS IN A BOUNDARY LAYER 
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The effect of the redistribution of energy between ion and electron 
components for the motion of a plasma in a nonuniform magnetic 
field is considered on the example of a flat model of an equilibrium 
boundary layer between a rarefied plasma and a magnetic field in the 
relativistic invariant form. The relativistic and polarization correc- 
tions to the classical theory ate found. Results are given for a nu- 
merical solution of the problem. 

An i n t e r e s t i n g  a spec t  of the p r o b l e m  of the r e f l e c -  
t ion of a p l a s m a  f r o m  a "magne t i c  wal l "  i s  the  ques -  
t ion of the r e d i s t r i b u t i o n  of ene rgy  between heavy and 
l ight  componen t s .  
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Chapman and F e r r a r o  [2], in connec t ion  with the 
p r o b l e m  of the i n t e r a c t i o n  of the s o l a r  c o r p u s c u l a r  
s t r e a m  with the geomagne t i c  f ie ld ,  have c o n s i d e r e d  
the p r o b l e m  of the n o r m a l  inc idence  of a n o n r e l a t i v i s -  
t ic  m o n o e n e r g e t i c  p l a s m a  s t r e a m  on a un i fo rm m a g -  
ne t ic  f ie ld .  They have shown that  if  t h e r e  i s  s t r i c t l y  
e l e c t r o s t a t i c  coupl ing be tween  the e l e c t r o n s  and the 
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ions (i. e . ,  a s s u m i n g t h a t  the p l a s m a  i s  neu t r a l  at e v e r y  
point) then they exchange e n e r g i e s  at the point  of r e -  
f l ec t ion .  

% m _ @ )  = % m + U  2 = % m _ U ~  + m+U~ (t - -  I~), 

1 2 ~2re+v(+) = Z/~m U 2 = Z/~m+U2~ 

(Uo+=Uo = U ,  v 0 = w 0 = 0 ,  ~ = m  /m+).  (1) 

Here  m is  the m a s s  and V = {u,v ,w} i s  the v e l o c -  
i ty  of a p a r t i c l e ,  the p lus  and minus  s u b s c r i p t s  r e f e r  
to the ion and e l e c t r o n  componen t s ,  r e s p e c t i v e l y ,  the 
s u b s c r i p t  0 denotes  the ve loc i ty  at -~o r e l a t i v e  to the 
"magnet ic  wa l l , "  and enc los ing  a s u b s c r i p t  in  p a r e n t h e -  
s i s  i nd i ca t e s  that  the c o r r e s p o n d i n g  quant i ty  r e f e r s  to 
the r e f l e c t i on  point  of a p a r t i c l e ,  whe re  u(:Q = 0. 

The spa t i a l  a r r a n g e m e n t  of the boundary  l a y e r  and 
the d i r ec t ion  of the p r i n c i p a l  v e c t o r  quant i t i es  a r e  
given in F ig .  1. The p l a s m a  s t r e a m  inc ident  on the 
magne t i c  f i e ld  H0 with  some  p a r t i c l e  d i s t r i bu t ion  func-  
t ion which i s  spec i f i ed  for  x ~ -0% w h e r e  H = ro t  and 
A = 0, i s  c o m p l e t e l y  r e f l e c t e d  f r o m  the "magne t i c  wa l l . "  
The c u r r e n t  j which a r i s e s  in the p lane  of the boundary  
in th is  c a s e  e n s u r e s  the comple t e  s c r e e n i n g  of the  
p l a s m a  f r o m  the magne t i c  f ie ld ,  the p r e s s u r e  of which 
i s  b a l a n c e d  by the dynamic  p l a s m a  p r e s s u r e .  Since the  
heavy ions ,  with a g r e a t e r  in i t i a l  m o m e n t u m  than t h e  
e l e c t r o n s ,  have a tendency  to p e n e t r a t e  m o r e  deeply  
into the magne t i c  f ie ld ,  in g e n e r a l  t h e r e  is  a cha rge  
s e p a r a t i o n  which l eads  to the a p p e a r a n c e  of an e l e c t r o -  
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F ig .  3 

s t a t i c  f ie ld  E = -  V~. The somewha t  unusual  f o r m  of the 
a p p r o x i m a t e  t r a j e c t o r i e s  of ions  and e l e c t r o n s  in the  
t r a n s i t i o n  magne t i c  f i e ld  (Fig .  1) i s  exp la ined  by the 
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e l e c t r o s t a t i c  f o r c e s  coupl ing  p a r t i c l e s  with oppos i t e  
c h a r g e s ,  so that  the a c c e l e r a t i o n  of e l e c t r o n s  in the  
f ie ld  E i s  a ccompan ied  by the s imu l t aneous  d e c e l e r a t i o n  
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o f  t h e  i o n s .  T h e  e n t i r e  p a t t e r n  i s  c o m p l e t e l y  s e l f -  

c o n s i s t e n t :  t h e  p a r t i c l e s  m o t i o n  o c c u r s  i n  a n  e l e c t r o -  

m a g n e t i c  f i e l d  w h i c h  i n  t u r n  i s  c o m p l e t e l y  s p e c i f i e d  

b y  t h e  s t a t e  o f  t h e  p l a s m a .  

In 1958, V. I. Veksler [3] drew attention to the universal nature 
of this effect, pointing out that pumping of energy from the heavy 
to the light component, leading to the light component becoming 
relativistic, can occur for any displacement of a neutral plasma in 
a nonuniform magnet ic  field if the electrons and ions exhibit some 
initial spread of velocities. The "transverse" heating of the electron 
component was subsequently treated in [4], where the problem of the 
magnet ized-plasma motion in a nonuniform magnet ic  field was solved 
in the drift approximation, and in [5], in which the Veksler effect was 
considered in the single-particle approximation on the example of the 
plane Chapman-Ferraro model, and in which the question of the polar- 
ization corrections to formuIa (1) was raised. 

T h e  p r e s e n t  p a p e r  i s  b a s e d  l a r g e l y  o n  t h e  r e s u l t s  

o f  [1] ,  i n  w h i c h  t h e  s p a t i a l  s t r u c t u r e  o f  t h e  b o u n d a r y  

l a y e r  w a s  o b t a i n e d  b y  m e a n s  o f  a n u m e r i c a l  s o l u t i o n  

o f  t h e  c o m p l e t e  s y s t e m  o f  V l a s o v  e q u a t i o n s ,  d e s c r i b -  

i n g  t h e  s e l f - c o n s i s t e n t  e l e c t r o m a g n e t i c  f i e l d  i n  a C h a p -  

m a n - F e r r a r o  l a y e r  

dP~ 

d~"A 4~ <j> = 
dx '~ c 

= 4~tce~ ' p u ~  § iX ~" [ ~  , -  ~ , p~ dp~~ ~  

- -  ] ~ / + ( x , ~ '  p v ~  . pO)dp~OdpO},  (3) 

f o r  t h e  b o u n d a r y  c o n d i t i o n s  

(I) ( - -  oo) = A ( - -  o~) = O, E (oo) = O '  (co) = 0 ,  

H (oo) = A '  (oo) = H 0 = (8~ < p = > ) ' h .  (4) 

H e r e  e•  = •  u k i s  t h e  f o u r - v e l o c i t y  o f  a p a r t i c l e ,  

Px  a n d  p y  a r e  t h e  x a n d  y c o m p o n e n t s  o f  t h e  f o u r - m o -  

m e n t u m  Pk  = m e u k  = P ~  - e A k / c "  L e t  u s  r e c a l l  t h a t  

t h e  p a r t i c l e  d i s t r i b u t i o n  f u n c t i o n s  i n  a n  u n p e r t u r b e d  

p l a s m a  a s  x ~ -~ w e r e  t a k e n  i n  t h e  form 

/• p~o) ~ ~ - -  
_ \ rn+r ] ' rn• , 

P2x~ ~ -,D21+ (5) /:~ (p,~o, p ~ )  = o, ~ + ~  . . . .  

O n  s o l v i n g  t h e  s y s t e m  o f  e q u a t i o n s  f o r  t h e  c h a r a c -  

t e r i s t i c s  o f  t h e  k i n e t i c  e q u a t i o n  in  r e l a t i v i s t i c  i n v a r i -  

a n t  f o r m  [6],  w e  o b t a i n  a f u l l  s e t  o f  f i r s t  i n t e g r a l s  f o r  

e a c h  p l a s m a  c o m p o n e n t  

ppO = puo = Pv + eA  / c = m c u  v +  eA  / c = p~o , 

ps ~ = pz ~ = mcuz  = P z o  , 

p4 ~ = i c  -1 ( E  ~ q -  e ~ )  - :  

--- ie -1 (e l f  rnPc2 -ff p ~  -1- (p~~ - -  eA  / e) ~ q- 

+ eq) )  = p4o .  (6) 

It is nqt difficult to see that relations (6) express the conditions 
for the conservation of the energy and spatial components in the gen- 
eralized four-momentum of the particle. Curves for the spatial dis- 
tribution of the basic physical quantities in the boundary layer for 
# = m_/m+ = 1/1886 are given in Figs. 2 and 3 for the values of the 
max imum dimensionless momen tum P~ = 10 -3 and P~ = 1, respectively 
(see the corresponding curves for # = 1/4 in [1]). The quantity g.  = 
= x/~ = (mcP/47rn0eP)l/2 has been taken as the unit of length. The 
symbols E, H, p, j ,  and v:~ denote, respectively, the following di- 
mensionless quantities: the electrostatic and magnet ic  field strengths, 
the charge density and total current density, and the average veloc- 
ity of the ion (electron component) in the direction of the y-axis.  
Dimensional quantities (in brackets) are associated with the dimen- 
sionless quantitites by the relations: 

[s = lO~m_cZE / e~.. [H] = 3.5- I 0-1rn_cPH / e~,. 

[p] = 5.f0-Pen0p, [/'] = 2.fO-Pecno/, [v_] = fO-lcv_ ; 

rE] = tOm_c~E/e~., [H] : 3tm_cPH/e~.  , [p] = en0p, 

[i1 =ecnd ,  [v~] = cv• �9 

The basic physical characteristics of the boundary layer are shown 
in Figs. 4 and 5 as functions of energy. As in [1], the characteristic 
dimensions LH, LE, l, R, r, and D (the analog of the Debye radius) 
are determined for Fig. 4 by the formulas 

H ( - - L H ) = O ' I H o ,  E ( - - L E ) = O ' t E  . . . .  p ( - - l ) = 0 ,  

D ~ = bt -r [(t + P1+2)%--1] + (t + Pl_Pi) % -  l , 

R = rn+cPP1/eHo, r = rnc~Pa/eHo, 

and in Fig. 5, 
e~, [go] e~. [Emax] 

H0 m._c 2 Ema x m._c 2 , 9+, p_ 

ILl e [q~m~] 
] -  = e-~-~ ' / = i+ -I-/-, *max m_C~ ' 

denote the max imum values of the corresponding quantities, and 
r  is the dimensionless value of the electrostatic potential ob- 
tained on the assumption that the plasma is strictly nentxal. 

Numerical calculations carried out for the plasma model (5) 
enable us to draw some quantitative conclusions concerning the parr 
played by charge separation in the redistribution of energy between 
components. The relativistic invariant form in which the problem is 
solved makes it possible to investigate this question over a wide range 
of plasma-part icle  kinetic energies. 

L e t  u s  f i r s t  c o n s i d e r  o n e  i m p o r t a n t  e n e r g y  r e l a t i o n ,  

In  a c c o r d a n c e  w i t h  (6) e a c h  p l a s m a  p a r t i c l e  r e t a i n s  i t s  

t o t a l  e n e r g y ,  i . e . ,  

E_+.~ + 8 :e (D = Eo:t: ~ . 

H e r e  E0+ i s  t h e  e n e r g y  a s  x -~  - ~ ;  E ~ i s  to  b e  u n d e r -  

s t o o d  a s  t h e  " k i n e t i c "  e n e r g y  

E o =  c - V r " ~ ' ~ + p x ~ + p v  ~ 

w h i c h  i n c l u d e s  t h e  p o t e n t i a l  e n e r g y .  

L e t  u s  w r i t e  a n  e x p r e s s i o n  f o r  t h e  t o t a l  e n e r g y "  o f  

a l l  t h e  p a r t i c l e s  w h o s e  t r a j e c t o r i e s  o c c u p y  t h e  p h a s e  

s p a c e  x p .  W e  h a v e  

03  

• _ ~  - -  - ~ G •  

<(E• dx + r  <p(*)> & (7) 
~ . - c O  --03 

The region G• i n  m o m e n t u m  s p a c e  i s  d e t e r m i n e d  

f r o m  t h e  c o n d i t i o n s  
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p• pc• ~ >  O. 

Using (2) and (4), we t r a n s f o r m  the seeond in tegra l  
in express ion  (7) 

oo co 

+ io 2 4 n  d x  -~-  
--.oo - c a  

co  c~ 

+ - g Y  ~ d~ / ~ d x .  (8) 
"-O3 "'CO 

Combining (7) and (8), we have 

<E0_+~ dx = <E•176 + , 
-S_co _ 

(9) 

i. e . ,  the total energy  of all the pa r t i c l e s  which is  
"s tored"  as  x --" _~o decays into the kinet ic  energy  of 
the p l a s m a  and the energy  of the e l ec t ros ta t i c  f ield 
which a r i s e s  with charge separa t ion .  

C lea r ly  if p -= 0 ("neutra l  approximat ion") ,  ins tead  
of exact r e la t ion  (9) we have the exp res s ion  

= E 
• : I :  

which co r re sponds  to fo rmula  (1). 
Of course  this  expres s ion  can be made more  exact 

if we take into account  the effect of p l a s m a  po l a r i z a -  
t ion. We shal l  do this  for p l a sma  model (5). F o r  the 
sake of c l a r i ty  let us cons ide r  the s imples t  case  Pi+ = 
= Pi-  = P1, in  which e l ec t rons  and ions have the same  
veloci ty d i s t r ibu t ions .  This case  co r re sponds  to the 
C h a p m a n - F e r r a r o  model ,  if we give the pa r t i c l e s  a 
monoenerge t i c  flux with (following [1] we cal l  these  
"test  pa r t i c l e s  ") 

In accordance  with (6) we have 

pu (_) - -  eA(_) / c = O, py (+) ~ eA(~_) / c = O , 

c ~ m 'Zc2+ pu 2 <_)- e(I)(_)= m_c 2 ~/ l  -4-P1 '~ = Eo- ~ 

c Vm+% ~ + p, ,7) + e(I)(+) = m+c ~ ]/1 + P~ = Eofl. (10) 

In the neu t ra l  approximat ion  

A(_) = A(+), (I)(_) = (1)(+) = ( ] )~  

and for the r e l a t iv i s t i c  analog of fo rmula  (1) we obtain 

where  

3__ o o c ] /m _2c ~+P~( - )  - - E o - + e ( D  max , (11) 

e(l)max ~ : m c2~~ : 

[ (  P1 4 ~ - ] - P a ( l  ~ _ p , ) 2  ,,% ] 
=m_c 2 1 +  4~ ~ t-I-T1 ~- ) - - ( t  +Pi2)  '/'  (12) 

is de t e rmined  f rom sys t em (10). 
Under r ea l  condit ions the e l ec t rons  a re  s l ightly 

separa ted  from the ions and a re  re f lec ted  for some 
= 4)(_) < @~nax, so that 

c l f m c  ~ -~- Pu (-)~ = Eo -~ -}- e~(_) . (13) 

Compar ing  (11) and (13) we see that when the sepa-  
r a t ion  of charges  is taken into account ,  the t r i a l  e l ec -  
t ron ,  in compar i son  with the neu t ra l  approximat ion,  
does not receive its "full quota" of energy e(~~ - 
- ~(_)) from the ion, or in the relative expression 

(~~ x - ~(_))/~~ a ,  0 < ~ < 1. 
The value of the potential @(_) for which reflection 

of the test electrons occurs was determined from 
numerical computer calculations of boundary-layer 
structure for various values of the limit momentum 
Pl- The curve for the coefficient ~ (Pi) for/~ = 16836 
is given in Fig. 6. In the nonrelativistic energy region 
c~ ~ Pi and in the r e l a t i v i s t i c  region  a tends to a con-  
s tant ,  approximate ly  equal to 0.54. 

F ina l ly ,  in place of (1) we obtain the following ex- 
p r e s s i o n  for  the energy of a tes t  e lec t ron  at the r e f l ec -  
t ion point 

E(_) ~ = c V-rn 2c2 + p~ (_)3 : 

: E0-  ~ -{- ( i  - -  ~) e(l)~ , (14) 

where @~ x is determined from formula (12). 
We write the formula for P~r(-) (Pl, g ,~)-the 

momentum of the test electron at the reflection point. 
From (10), (12), and (14) we have 

P~(-) = m_c {Ia  I / T  + P ~  + 

+ (I - (, + + 1} (i5) 

In the non re l a t i v i s t i c  case  P1 << 1, with accuracy  to 
t e r m s  on the o rde r  of Pi and neglec t ing  the constant  
#, smal l  in compar i son  with unity,  we obtain 

Pv (-) ~ m cPl  [a + (l - -  a) / iqv, �9 

In the l imi t  case  Pi >> 1 

p~ (-~ ~ m cPi  [o~ + (t - -a ) /2~1  . 

We reca l l  that py(_) is  assoc ia ted  with v(_) by the 
fo rmula  

pu (_) = re_v(_) ( l  - -  u(_) ~ / c~)--'l, . 

The dot-dash l ines  in F igs .  2 and 3 r e p r e s e n t  the 
spat ia l  behavior  of the quant i t ies  

v •  = [ v + l  / c = <j___> / <p•  c , 

the average  veloci t ies  of the ion and e lec t ron  compon-  
ents  in a plane pa ra l l e l  to the boundary  l ayer .  The 
curves  p re sen t ed  c l ea r ly  i l l u s t r a t e  the r e l a t ion  v(_)/ 
/v(+) ~ 1/g in the nonre l a t i v i s t i c  energy region  and 
i ts  violat ion for  l a rge  P1, when polar iza t ion  effects 
play an impor tan t  par t .  In the r e l a t i v i s t i c  case  (Fig. 
3) a c h a r a c t e r i s t i c  p la teau is  c l ea r ly  seen in the curve  
for v(_), which co r re sponds  to a s t r e a m  of e lec t rons  
having a velocity close to the velocity of light in the 
d i rec t ion  of the y - a x i s .  
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